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Abstract
We consider two protocols for the measurement of the temporal correlation functions of a di-
chotomic variable Q appearing in Leggett-Garg type inequalities. The protocols measure solely
whether Q has the same or different sign at the ends of a given time interval, thereby measuring
no more than is required for the determination of the correlation function. They are inspired, in
part, by a decoherent histories analysis of the two-time histories of Q, which yields a number of
useful insights, although the protocols are ultimately expressed in macrorealistic form independent
of quantum theory. The first type involves an ancilla coupled to the system with two sequential
CNOT gates, and the two-time histories of the system (whose probabilities yield the correlation
function) are determined in a single final time measurement of the ancilla. It is non-invasive for
special choices of initial system states and partially invasive for more general choices. Modified
Leggett-Garg type inequalities which accommodate the partial invasiveness are discussed. The
quantum picture of the protocol shows that for certain choices of primary system initial state, the
final state is unaffected by the two CNOT gate interactions, hence the protocol is undetectable
with respect to final system state measurements, although it is still invasive at intermediate times.
This invasiveness can be reduced with different choices of ancilla states and the protocol is then
similar in flavour to a weak measurement. The second type of protocol is based on the fact that the
behaviour of Q over a time interval can be determined from knowledge of the dynamics together
with a measurement of certain initial (or final) data. Its quantum version corresponds to the known
fact that when sets of histories are decoherent, their probabilities may be expressed in terms of
a record projector, hence the two-time histories in which Q has the same or different sign can be
determined by a single projective measurement. The resulting protocol resembles the decay-type
protocol proposed by Huelga and collaborators (which is non-invasive but requires a stationarity
assumption).
PACS numbers: 03.65.Ta, 03.65.Ud, 03.65.Yz, 02.50.Cw
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I. INTRODUCTION
In classical mechanics, when we make sequential measurements on a physical system we
can consistently assume that there is an underlying reality, the history of the system, that
these measurements reflect, and furthermore, that it is possible in principle, with sufficiently
careful measurements, to determine this history without significantly disturbing it. In quan-
tum mechanics, this is not the case in general. However, we can ask, how far can one go in
maintaining a realist picture of the macroscopic realm? The Leggett-Garg (LG) inequalities
were proposed to address this question [1, 2].
In the LG framework we consider a dichotomic variable Q which is measured at three or
more pairs of times, yielding probabilities of the form p(s1, s2) etc, where s = ±1 and from
these probabilities we construct a correlation function
C12 =
∑
s1s2
s1s2p(s1, s2). (1.1)
A realist picture of the macroscopic realm, macrorealism, entails assuming that these ob-
servables always take definite values (macrorealism per se, or MRps), that they may be
measured without being disturbed (non-invasive measurability, or NIM) and that the state
of the system is unaffected by future measurements (arrow of time). Under these assump-
tions, it may be shown [1, 3, 4] that the correlation functions obey the LG inequalities,
which for the case of three pairs of times, may be written
−1 ≤ C12 + C23 + C23 ≤ 1 + 2 min{C12, C23, C13}. (1.2)
(This concise form was first noted in Ref.[5]). Numerous experiments have been carried out to
test these inequalities and show clear violations, consistent with the predictions of quantum
mechanics [6–11]. A very useful review of both experimental and theoretical aspects of the
LG inequalities is Emary et al [4].
What is crucial in these experiments is the way the correlation function is measured. It has
to be done in a non-invasive way, otherwise one could argue that the values of the correlation
functions were created by an underlying classical model in which the measurements produced
disturbing kicks. Indeed, the quantum-mechanical values of the correlation functions can be
simulated in precisely this way [12–15]. To achieve this, experiments use, for example, weak
measurements [6, 16–19] or ideal negative measurements [1, 2, 7–9] in which the detector
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couples to, say, only the Q = +1 state at the first time and the absence of detection is taken
to imply that the system is in the Q = −1 state. Such protocols eliminate or at least restrict
alternative hidden variable explanations.
The NIM requirement may also be addressed from the theoretical perspective. Kofler
and Brukner proposed that non-invasiveness may be characterized, at least in part, by the
no-signalling in time (NSIT) condition
∑
s1
p12(s1, s2) = p2(s2), (1.3)
where p12(s1, s2) denotes the probability obtained under measurement at both times t1 and
t2 and p2(s2) denote the probability obtained under measurement at t2 only, with no earlier
measurements [20]. (See also Refs.[3, 21, 22] for similar proposals). This condition is not in
general satisfied by the standard quantum-mechanical measurement formula,
p(s1, s2) = Tr (Ps2(t2)Ps1(t1)ρPs1(t1)) , (1.4)
where ρ is the initial state and the projection operators Ps are given by
Ps =
1
2
(
1 + sQˆ
)
, (1.5)
and Ps(t) = e
iHtPse
−iHt. However, the NSIT condition is a potentially very useful one and
for this reason it was proposed in Ref.[23] to consider the quasi-probability
q(s1, s2) = ReTr (Ps2(t2)Ps1(t1)ρ) . (1.6)
This object satisfies NIM automatically (or more precisely, a generalization of NIM) and
can be measured using weak measurements [16–18]. It has the same correlation function as
Eq.(1.6) [24]. It can be negative but it was argued in Ref.[23] that the sign of the quasi-
probability offers a characterization of the macrorealism broader than that given by the LG
inequalities alone. (See also Ref.[21]).
Despite these developments and encouraging experimental results, it remains of interest
to find new ways of measuring the correlation function in a non-invasive way. A key issue
is that the correlation function is normally determined using sequential measurements and
this is the origin of the difficulties of measuring it non-invasively, since the first measurement
can affect the value of the second one. Therefore, it is of interest to find protocols which get
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away from this feature, for example, by measuring only the correlation function and nothing
more. To this end, note that the correlation function may be written
C12 = p(same)− p(diff), (1.7)
where p(same) = p(+,+) + p(−,−) and p(diff) = p(+,−) + p(−,+) and note that
p(same) + p(diff) = 1. (1.8)
Hence we only need to measure p(same) or p(diff) and not the full probability p(s1, s2).
That is, we need only measure the value of the quantity Q(t1)Q(t2), which takes value +1
when Q takes the same sign at both times and −1 when Q takes opposite signs. This holds
the possibility of being less invasive than a measurement of the full probability p(s1, s2)
since less information is determined. However, protocols need to be found to accomplish
this and it is not immediately obvious how to do so since Q(t1)Q(t2) is a combination of
variables at different times. Moreover, in any such protocols, in order to remain within the
LG framework, arguments must be given to show that the measurements are equivalent,
in a macrorealistic theory, to sequential measurements of the correlation function, Eq.(1.1).
(Inequalities arising from protocols falling outside this framework in certain respects are
most appropriately called Leggett-Garg type inequalities).
In the quantum-mechanical analysis of this situation, a natural framework to employ
is the decoherent histories approach since it is specifically formulated to handle situations
in which variables at different times are involved [25–36]. In simple terms, it shows the
extent to which the two-time histories of the system can be regarded as entities within
themselves, on a par (as closely as possible) with self-adjoint operators at a fixed moment
of time. In particular it gives a clear quantum-mechanical framework in which there exists
an analogue of the classical object Q(t1)Q(t2). Hence we expect that a quantum histories
analysis will give some indications as to how to construct new protocols for measuring the
“same” or “different” histories required for the determination of the correlation function.
Any such protocol must be ultimately expressible in purely macrorealistic terms but the
quantum formulation is useful for the insights it provides together with the fact that it gives
an explicit picture of the dynamics.
The specific aims of this paper are twofold. First, we seek new ways of measuring two-
time histories of a dichotomic variable that determine only the correlation function and
5
nothing more. Second, and related, we explore the consequences of the decoherent histories
formalism for the two-time histories studied in this context, with a view to shedding light
on the measurement of the correlation function.
We will begin in Section 2 by sketching two types of protocols for the measurement
of p(same) and p(diff). The first involves a coupling to an ancilla so arranged that it
detects only changes in sign of Q between initial and final times. This protocol is not fully
non-invasive in general. However, this can be handled by suitable modifications to the LG
inequalities and this is outlined in Appendix A. The second type of protocol is quite different
in character and is based on the idea that Q(t1)Q(t2) can in principle be determined, in a
macrorealistic theory, from knowledge the initial data at a single time together with some
knowledge of the dynamics. It thus requires some assumptions not normally required in
the LG framework. Although both of these protocols were in fact inspired by the quantum-
mechanical analysis, and the relationship between the two is clearest in the quantum analysis,
we follow the traditional approach in the LG framework which is to give protocols describable
in macrorealistic terms and not dependent on quantum theory.
In Section 3 the decoherent histories analysis is given. (A summary of this formalism
for the unfamiliar is given in Appendix B). We also introduce the class of models we are
interested in and describe some of their properties. The quantum account of the protocol
with ancilla is described in Section 4. It follows the classical account of the protocol closely
but also suggests new possibilities not apparent in the macrorealistic formulation in terms
of NIM and what can be achieved with different choices of initial states. In Section 5,
we show that the decoherent histories formulation offers the possibility of determining the
quantum “history states” directly in a single projective measurement, the quantum analogue
of measuring Q(t1)Q(t2) using knowledge of the classical dynamics. This protocol turns
out to bear resemblance to the approach of Huelga et al [37] which regards the question of
determining correlation functions as a decay-type problem (and also requires a “stationarity”
condition to relate correlators at different time intervals). We summarize in Section 6.
This paper has close parallels with another paper by the present author, Ref.[38], in
which a protocol for measuring the correlation function was proposed involving a “waiting
detector”, which interacts with the primary system only at the point in time when Q(t)
changes sign. It has a straightforward formulation in macrorealistic terms and is equivalent
to the usual correlation function measurement, subject to certain simple assumptions about
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the underlying dynamics.
On a more general issue, we note that a thorough characterization of macrorealism,
critiquing and extending the original one of Leggett and Garg [1], has been given by Maroney
and Timpson [3]. They have argued that violations of the LG inequalities rule out only
certain types of macrorealistic theories, in particular those of the GRW form [39], but have
difficulties with other types such as Bohmian mechanics. The macrorealistic theories we
therefore have in mind are of the GRW type.
II. PROTOCOLS FOR MEASURING THE CORRELATION FUNCTION
We seek a method of determining whether the variable Q takes the same or different
value at times t1 and t2. There a number of protocols with which this can be achieved.
A. Protocol with Ancilla
We suppose that Q starts in some initial state, most generally a statistical mixture of
Q = +1 and Q = −1 states, and we imagine that Q is coupled to an ancilla at the two times
which has two states, |0〉 and |1〉 and we suppose that it starts out in the state |0〉. (We use
a quantum notation but the description is in essence classical). The coupling is arranged so
that at time t1, the ancilla flips states if Q = +1 and remains in its original state if Q = −1.
At time t2, the opposite takes place, i.e. the ancilla flips states if Q = −1 and remains in
its current state if Q = +1. This means that if we find the ancilla in the |0〉 state after t2,
then Q took values (−,+) or (+,−) at the two times, i.e changed sign, and if we find the
ancilla in the |1〉 state, then Q took values (−,−) or (+,+) at the two times, i.e had the
same sign. If many runs are carried out and we note the proportion of times when the two
different ancilla states are found, we thus find that the ancilla state probabilities are
p(0) = p(diff) (2.1)
p(1) = p(same) (2.2)
Hence the ancilla state detects the “same” and “different” histories and nothing more.
In general, this procedure is invasive, since an interaction with the ancilla occurs when
Q = +1 at t1. This could in principle affect the future evolution of Q and hence the state
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of the ancilla after the second time. There is clearly only one way to avoid this interaction
which is to choose an initial state at t1 in which Q = −1. This is not a restriction for the
simplest spin models since the correlation function is independent of the initial state. To
handle the case of initial state Q = +1, one could use a different protocol which couples to
the opposite signs of Q, hence is non-invasive at t1 when Q = +1. One might then consider
handling general initial states by averaging the results of the two protocols (although this
may lead to the possibly unsatisfactory situation in which different correlation functions are
measured by different means [40]). These methods may be sufficient to determine C12 and
C13 non-invasively but there is less control over the value of Q at time t2 so there will be
inevitable invasiveness in the measurement of C23 since it will have some probability of being
in each of the states Q = +1 and Q = −1. Hence there is a need for modified LG inequalities
which allow a certain amount of invasiveness. This is described briefly in Appendix A (and
see also Refs.[7–9]). Loosely speaking, if the invasiveness is sufficiently small, alternative
classical explanations of the correlation functions can be outstripped by sufficiently large
violations of the LG inequalities.
One can also address the invasiveness issue by measuring the final state of the primary
system after the ancilla state is measured and comparing with its initial state, to determine
the extent to which the interaction created any disturbance. Since there are two interac-
tions, there is in fact the possibility that the primary system state can be disturbed and then
returned to its original value by the second interaction. This could be explored experimen-
tally by trying a number of different initial states. We will find that precisely this possibility
can occur in the quantum model. However, since there was interaction at the first time, it
is difficult to call this non-invasive although it could be called undetectable. The possible
significance of this will be discussed in the description of the quantum protocol.
Finally, note that due to the close similarity of this protocol to conventional ones measur-
ing the correlation function using sequential measurements, we may assert that the correla-
tion function obtained in this way is the same. The only significant difference here is that
the ancilla interaction is specifically arranged to discard unnecessary information. We could,
for example, contemplate a more complicated protocol in which a second ancilla is present at
time t2 coupled to the Q = +1 state (which clearly does not affect the original ancilla inter-
actions). The two ancillas between them perform sequential measurements which determine
all four histories of the system. The present protocol then consists of simply discarding the
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results of the second ancilla.
B. Correlation Function from an Initial Data Measurement
Since, as noted in the Introduction, sequential measurements are the origin of difficulties
with invasiveness, it is of interest to explore protocols which get away from this feature.
The second protocol attempts to do this by considering how the behaviour of Q(t) over
the given time interval can be determined from a single measurement of the initial data
using knowledge of the underlying dynamics of the system. It is perhaps best described
by an analogy with the arrival time problem [41]. This is the question of determining the
probability that a point particle crosses the origin during a given time interval [t1, t2] given
it’s initial state at t = 0. Classically, this is easily solved in one of two ways for the case
of the free particle. The first way is simply to measure the sign of the position at the two
times. The second way is to use the classical equations of motion to show that a particle
with initial position x and momentum p reaches the origin at arrival time t = −mx/p, so
the particle crosses if the arrival time lies in the given time interval. Hence whether the
particle crosses or not is determined by a measurement of the specific combination of initial
data, x/p. Classically, these two different types of measurement are completely equivalent,
as long as the sequential measurements of the sign of x are non-invasive. Their equivalence
relies on knowledge of the classical dynamics.
We may consider a similar approach applied to the evolution of the dichotomic variable Q
(and indeed in some hidden variable models Q is taken to be the sign function of a continuous
variable [12], bringing us close to the above analogy). This is difficult to formulate more
precisely without detailed knowledge of the dynamics, which is usually not specified in
macrorealistic formulations, but it is clearly possible to make some general statements. We
will assume that the underlying dynamics is known to some degree, and in particular that it
is possible to determine the value of Q at time t2 in terms of certain initial data at time t1.
In specific quantum models involving spin systems, for example, Qˆ(t2) is fully determined
in terms of Qˆ(t) and its derivative at time t1, as we shall see. This means that it is possible,
at least in principle, to carry out some measurement at a fixed moment of time which will
determine whether or not Q(t) has the same or opposite sign at the two times t1, t2. For
example, if Q(t2) is given in terms of Q(t1) and Q˙(t1), we could contemplate measuring the
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quantity Q(t2)− Q(t1) which is given entirely in terms of Q(t1) and Q˙(t1). It takes values
±2 or zero and yields the correlation function through the relation,
〈Q(t1)Q(t2)〉 = 1−
1
2
〈[Q(t2)−Q(t1)]
2〉 (2.3)
Hence there is in principle a single measurable function of the initial data that determines
the correlation function. (See related ideas in Ref.[38]).
In a macrorealistic theory, this type of measurement will give the same correlation func-
tion as the one obtained using non-invasive sequential measurements, under the assumption
that there exists a classical dynamics relating the function of the initial data to Q(t2) and
Q(t1). This sort of assumption is clearly stronger than the assumptions usually involved in
the LG inequalities, where very little if anything is assumed about the dynamics. However,
it does lead to interesting alternative possible measurements of the correlation functions, as
we shall see, with the advantage that there is no invasiveness issue since there is only one
measurement. Furthermore, although rather schematic when stated in a macrorealistic con-
text, this protocol has a very clear implementation in the decoherent histories analysis of the
quantum theory – under certain circumstances there exists a single projective measurement
which determines a two-time history, a clear quantum analogue of the above.
C. Relation to the Decay-type Protocol
We will find in what follows that the decoherent histories implementation of the second
protocol resembles the approach of Huelga et al [37], which formulates the Leggett-Garg
situation as a decay-type protocol. In this protocol, the system is prepared in, say, the
Q = +1 state at time t1 and Q is then measured at time t2 to see how much has decayed
from the Q = +1 state, thereby determining p(same) and p(diff).
The similarity may be seen in the following simple quantum-mechanical sketch. Suppose
we have a two-dimensional Hilbert space with states |±〉 and take the initial state to be |+〉.
Then in the decay-type protocol, we consider
p(same) = |〈+|e−iH(t2−t1)|+〉|2, (2.4)
from which the correlation function is obtained. However, e−iH(t2−t1)|+〉 may be expressed
as a linear combination of the |+〉 and |−〉 states at the initial time, so p(same) may be
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regarded as given by a particular type of measurement at the initial time of the |+〉 state,
namely, the projection onto those parts of the initial state which are still in the |+〉 state
at the later time. Hence given knowledge of the dynamics, the correlation function may
be determined in a single projective measurement of the initial state. The full decoherent
histories version, described in Section 5, is however more general than this simple sketch.
Like the above classical protocol, the decay-type protocol clearly satisfies NIM since
there are no sequential measurements. However, in order to obtain the correlation for a
later time interval [t2, t3] some additional assumption is required. Huelga et al made an
assumption about the form of the underlying hidden variable theory they call “stationarity”
[37]. Emary et al showed that this could be replaced by a markovianity assumption together
with a reasonable assumption of time-translation invariance [4]. (However, they note that
the status of some of both the assumptions of stationarity and markovianity is somewhat
elusive.)
III. QUANTUM HISTORIES AND CORRELATION FUNCTIONS
A. Decoherent Histories Analysis
We now consider some properties of the quantum correlation functions and the way they
are obtained from the amplitudes for quantum histories. We follow the decoherent histories
approach to quantum mechanics [25–35], which for convenience is summarized in its essential
points in Appendix B
The quantum-mechanical probability formula Eq.(1.6) may also be written, for a pure
initial state, as
p(s1, s2) = ‖Ps2e
−iH(t2−t1)Ps1 |ψt1〉‖
2, (3.1)
i.e. as the norm of a “history state”. From such states we can construct coarse-grained
history states describing whether the value of Q is the same or different at the two times,
namely,
|same〉 =
(
P+e
−iH(t2−t1)P+ + P−e
−iH(t2−t1)P−
)
|ψt1〉
= e−iHt2 (P+(t2)P+(t1) + P−(t2)P−(t1)) |ψ〉
=
1
2
e−iHt2
(
1 + Qˆ(t2)Qˆ(t1)
)
|ψ〉, (3.2)
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and also
|diff〉 =
(
P−e
−iH(t2−t1)P+ + P+e
−iH(t2−t1)P−
)
|ψt1〉
=
1
2
e−iHt2
(
1− Qˆ(t2)Qˆ(t1)
)
|ψ〉. (3.3)
These states are not normalized and indeed the associated probabilities are
p(same) = ‖|same〉‖2
=
1
2
(
1 +
1
2
〈ψ|Qˆ(t1)Qˆ(t2) + Qˆ(t2)Qˆ(t1)|ψ〉
)
=
1
2
(1 + C12) , (3.4)
where C12 is the correlation function, and
p(diff) =
1
2
(1− C12). (3.5)
The two states are not orthogonal but satisfy the condition
〈same|diff〉+ 〈diff |same〉 = 0 (3.6)
It is this property, together with the property
|same〉 + |diff〉 = |ψt2〉. (3.7)
that ensures that the probabilities add up properly
p(same) + p(diff) = 1 (3.8)
Although coarse-grained history states are defined by summing the amplitudes of the finer-
grained history states, the probabilities are in general not related in this way due to inter-
ference. An example of this is the fact already noted that Eq.(1.6) fails to satisfy the NSIT
condition Eq.(1.3). However, we see here that the “same” and “diff” history states do in fact
satisfy the correct probability sum rules. This is due to the property Eq.(3.6), which is a
no-interference condition and these properties mean that the histories are consistent but not
decoherent, in the language of the decoherent histories approach [25–35]. This fortuitous
property, which does not appear to hold more for more general types of histories, was noted
in Ref.[35]. This property indicates that the histories from which the correlation function is
constructed have the same properties as classical histories in terms of their probabilities.
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The above is a purely mathematical account of the properties of quantum histories and
makes no reference to measurement. Hence to be useful we need to link it to specific
measurement procedures. This will be done in the next sections. However, we note that the
near-classical properties of the “same” and “different” histories suggest that measurement
of them may have some simplifying features.
B. A Simple Spin Model
Consider now specific models to which this framework could be applied. The variable Q
is usually taken to be a combination of Pauli matrices so can represent spin systems or the
two states of a SQUID, which is what the LG framework was originally designed for. We
focus on a spin system in which Qˆ = σz and the Hamiltonian is
H =
1
2
ωσx. (3.9)
The dynamics has solution
σz(t2) = cosω(t2 − t1) σz(t1) + sinω(t2 − t1) σy(t1). (3.10)
The correlation function is given by
C12 =
1
2
〈ψ|{σz(t1), σz(t2)}|ψ〉
= cosω(t2 − t1), (3.11)
and is independent of the initial state, because the anticommutator of any pair of Pauli
matrix combinations is proportional to the identity operator. The commutator at two times
is
[σz(t2), σz(t1)] = 2i sinω(t2 − t1) σx. (3.12)
More generally, we could take Q to be a general combination of Pauli matrices, Qˆ = n ·σ,
where n is a unit vector. The correlation function is still independent of the state and will
have the general form C12 = n(t1) · n(t2). Also, the commutator will be
[Qˆ(t1), Qˆ(t2)] = 2i n(t1)× n(t2) · σ, (3.13)
which will in general be a different combination of Pauli matrices to those appearing in H
and Qˆ.
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C. Some Useful General Properties
We now note some general useful and model-independent properties of the operators
Qˆ(t1), Qˆ(t2). Define the hermitian operators
Cˆ =
1
2
{Qˆ(t1), Qˆ(t2)}, (3.14)
Dˆ =
i
2
[Qˆ(t2), Qˆ(t1)]. (3.15)
(The operator Cˆ is of course the correlation function multiplied by the identity operator in
the simple spin case and Dˆ is given by Eq.(3.12). Then some useful properties follow solely
from the fact that Qˆ2 = 1, namely
[Qˆ(t1), Cˆ] = 0 = [Qˆ(t2), Cˆ], (3.16)
{Qˆ(t1), Dˆ} = 0 = {Qˆ(t2), Dˆ}. (3.17)
It follows from these two relations that
[Cˆ, Dˆ] = 0. (3.18)
This means that Cˆ and Dˆ have common eigenstates. Also it is easily shown that
Cˆ2 + Dˆ2 = 1. (3.19)
We will exploit these properties below.
These properties allow us to say something about the state-dependence of the correlation
function in the general case without appealing to the Pauli matrix form. Since Cˆ commutes
with Qˆ(t1) we may work in a basis consisting of eigenstates of Qˆ(t1), defined by
Qˆ(t1)|±, ν±〉 = ±|±, ν±〉, (3.20)
where ν± is the degeneracy. Cˆ is clearly diagonal in these states. Noting that Dˆ anticom-
mutes with Qˆ(t1), we see that Dˆ maps the + states into the − states and vice versa. If
the + and − states have the same degeneracy, we set ν± = ν and it is convenient to choose
these states so that
|−, ν〉 =
1
〈Dˆ2〉
1
2
Dˆ|+, ν〉, (3.21)
14
where the average in the normalization factor is taken in the + state. However, the degen-
eracies may be different, for example, if we have a three dimensional Hilbert space with
Qˆ = |1〉〈1| − |2〉〈2| − |3〉〈3|. (3.22)
In that case, and if, say the + subspace has the smaller degeneracy, we can simply use
Eq.(3.21) to define class of −1 eigenvalue states and then work with this less than complete
set. It is fine to do that since LG tests do not require us to work with a complete set of
initial states (and indeed different values of the correlation function are usually obtained by
adjusting the time intervals).
It follows from the above that
〈−, ν|Cˆ|−, ν〉 =
1
〈Dˆ2〉
〈+, ν|DˆCˆDˆ|+ ν〉. (3.23)
We now note that Dˆ commutes with Cˆ and also
Dˆ2|+ ν〉 = 〈Dˆ2〉|+, ν〉, (3.24)
since, by Eq.(3.19), an eigenstate of Cˆ2 is also an eigenstate of Dˆ2. It therefore follows that
〈−, ν|Cˆ|−, ν〉 = 〈+, ν|Cˆ|+, ν〉. (3.25)
The consequence of these features for the correlation function is as follows. Suppose we
compute the correlation function in a superposition state,
|ψ〉 = a1|+, ν〉+ a2|−, ν〉, (3.26)
where |a1|
2 + |a2|
2 = 1. We have
C12 = 〈ψ|Cˆ|ψ〉
= |a1|
2〈+, ν|Cˆ|+, ν〉+ |a2|
2〈−, ν|Cˆ|−, ν〉
= 〈+, ν|Cˆ|+, ν〉. (3.27)
Hence the correlation function has some dependence on the state but if we define a subset
of states of the form Eq.(3.26), with |±, ν〉 as defined above, the correlation function is
independent of the states within that subset. Since Cˆ also commutes with Qˆ(t2), an identical
argument holds in terms of eigenstates of Qˆ(t2).
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IV. THE QUANTUM PROTOCOL WITH ANCILLA
We now give a quantum account of the protocol with ancilla described in Section 2 making
use of the quantum histories formalism developed in the previous section. This is in effect
a method to measure the history states, |same〉, |diff〉.
We suppose the system can be interacted with an ancilla consisting of a two state system
which has orthogonal states |0〉 or |1〉 and we use CNOT gates to flip between these two
states depending on the value of Q at each time. (An ancilla was used in this context in
Ref.[42] and a CNOT gate in Ref.[7], but in a different way.) We consider two cases. In the
first, the ancilla initial state is |0〉 and in the second it is more general.
A. Simple Initial Ancilla State
We suppose the combined system starts in the initial state |ψ〉⊗ |0〉 at t = 0 and evolves
unitarily to time t1, at which point it meets a CNOT gate which flips the auxiliary system
if Q = +1 and leaves it alone if Q = −1. The state after this interaction is thus
|Ψ1〉 = P+|ψt1〉 ⊗ |1〉+ P−|ψt1〉 ⊗ |0〉. (4.1)
The combined system is then evolved unitarily to time t2 at which point it meets another
CNOT gate with the opposite effect: it leaves the auxiliary system alone if Q = +1 and flips
it if Q = −1. The state afterwards is therefore,
|Ψ2〉 = P−e
−iH(t2−t1)P+|ψt1〉 ⊗ |0〉+ P+e
−iH(t2−t1)P+|ψt1〉 ⊗ |1〉
+P−e
−iH(t2−t1)P−|ψt1〉 ⊗ |1〉+ P+e
−iH(t2−t1)P−|ψt1〉 ⊗ |0〉. (4.2)
This is conveniently rewritten in terms of the history states introduced in the previous
section,
|Ψ2〉 = |same〉 ⊗ |1〉+ |diff〉 ⊗ |0〉. (4.3)
Eq.(4.3) means that the probabilities for the “same” and “diff” histories can be obtained
by measuring the ancilla at a single time, without involving sequential measurements, as
described in the classical version.
The system and ancilla have interacted at two times, so in general there is a measurement
disturbance at t1 (except in the case in which the state at time t1 is an eigenstate of Qˆ,
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consistent with the classical account). However, the disturbance to the system at the final
time can be avoided by a careful choice of initial state, which we have some freedom to
choose if the correlation function has no (or limited) dependence on it. To this end, note
that we may write
|same〉 =
1
2
e−iHt2
(
1 +
1
2
{Qˆ(t2), Qˆ(t1)}+
1
2
[Qˆ(t2), Qˆ(t1)]
)
|ψ〉
=
1
2
(
1 + Cˆ − iDˆ
)
|ψ〉. (4.4)
Since as shown, Cˆ and Dˆ commute, we may choose the initial state to be an eigenstate
of both operators. For the simple spin case, Cˆ is just C12 times the identity and Dˆ is
proportional to σx, so we would then take the initial state to be a σx eigenstate. We thus
obtain
|same〉 =
1
2
(
1 + 〈Cˆ〉 − i〈Dˆ〉
)
|ψt2〉, (4.5)
and we note that 〈Cˆ〉 = C12. The |same〉 state is then simply the unitarily evolved initial
state multiplied by a c-number, with a similar result for |diff〉. We thus obtain the striking
result that the final state of the combined system Eq.(4.3) has the factored form
|Ψ2〉 = |ψt2〉 ⊗ (a|1〉+ b|0〉) , (4.6)
where
a =
1
2
(
1 + C12 − i〈Dˆ〉
)
, (4.7)
b =
1
2
(
1− C12 + i〈Dˆ〉
)
. (4.8)
In particular, the system state is exactly the same as it would have been in the absence of
interactions. Using the property Eq.(3.19), together with the fact that 〈Dˆ2〉 = 〈Dˆ〉2 (since
the state is an eigenstate of Dˆ), and likewise for Cˆ, we find
p(1) = = |a|2 =
1
2
(1 + C12) = p(same),
p(0) = = |b|2 =
1
2
(1− C12) = p(diff), (4.9)
as expected.
Since Cˆ and Dˆ will generally have a number of eigenstates, we could construct a family
of density matrices diagonal in those states. Using this density matrix as the system initial
state will yield essentially the same results as the pure state case given above.
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It may seem surprising that in the factored state Eq.(4.6), it is possible to extract the
correlation function without any disturbance to the final system state. However, this is a
question of the degree of dependence of the correlation function on the system state. For the
simplest spin systems, the correlation function is independent of the state. For more general
ones, note that the result Eq.(4.6) holds for only a special class of initial states, namely
eigenstates of Dˆ. These can be expressed in the form Eq.(3.26) for suitable coefficients
a1, a2 but the correlation function is then independent of those coefficients, hence it is
independent of the state within a limited class. For more general systems and initial states
there will be state-dependence in the correlation function but the final combined system
state will not be of the factored form Eq.(4.6).
After the interaction at the first time, the system state is disturbed, as one would expect –
tracing out the auxiliary system reveals a mixed system state whereas the initial system state
is pure. However, with the above choice of initial state, the second interaction causes the
state to return to factored form, hence the overall effect after time t2 is that the system state
is exactly the same as it would have been if there were no interactions. The measurement
interaction is undetectable in terms of system measurements on the final state, but the
intermediate invasiveness may allow alternative classical explanations as discussed in Section
2.
The quantum account of the protocol yields a new feature not present in the classical
account. In the discussion of alternative classical explanations in Section 2, it was assumed
that the ancilla gave nothing more than classical kicks to the system and the question
is then whether a system described by dichotomic variable Q with classical kicks could
replicate the quantum correlation functions, as in Ref.[12]. However, the quantum case
involves entanglement between the system and ancilla and the way in which the system is
affected at each interaction is more subtle – the system wave function is not collapsed by the
interaction. In addition, there is the intriguing property that with the special initial state
above the combined system goes from factored to entangled and back to factored again. It
is therefore of interest to regard the system-ancilla combination as a single quantum system
with Hilbert space of dimension four or more and then ask whether the properties of this
composite system can be classically replicated. One would expect that this is not possible in
general [15]. (See also the related question of whether the three box problem has a classical
explanation [43]). That is, although the protocol appears to be invasive when formulated in
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macrorealistic terms, it may resist classical replication due to the dimension of the composite
Hilbert space and the specific form of the entanglement that takes place between system
and ancilla. However, such an explanation departs from the standard LG framework so will
not be pursued here.
Finally, it is of interest to comment on the role of the no-interference condition Eq.(3.6)
in this protocol, or what is equivalent, the probability sum rule Eq.(3.8), which as stated
earlier does not hold in general for histories involving combinations of amplitudes at different
times. The measurements on the ancilla must clearly satisfy
p(1) + p(0) = 1, (4.10)
for any state and with the state Eq.(4.3) this then implies Eq.(3.8). This means that
if the no-interference condition Eq.(3.6) did no hold it would not be possible to obtain an
entangled state of the form Eq.(4.3). Hence the protocol relies on the near-classical property
of histories, Eq.(3.6).
B. More General Initial Ancilla States
It is of interest to ask whether the protocol with ancilla may be modified in some way so
as to minimize the disturbance after the first measurement. To this end, we note that we
have the possibility to explore different initial states for the ancilla. We therefore consider a
modified protocol in which the ancilla starts out in the (normalized) state α|0〉+ β|1〉. The
state after the first measurement, Eq.(4.1), is then
|Ψ1〉 = P+|ψt1〉 ⊗ (α|1〉+ β|0〉) + P−|ψt1〉 ⊗ (α|0〉+ β|1〉) . (4.11)
Noting that P± =
1
2
(1± Qˆ), this may be written
|Ψ1〉 =
1
2
(α + β)|ψt1〉 ⊗ (|1〉+ |0〉) +
1
2
(α− β)Qˆ|ψt1〉 ⊗ (|1〉 − |0〉). (4.12)
We thus see that if α is very close to β, the change in both system and ancilla state is very
small at the first time, and zero for α = β.
Evolving to the second time, we find that
|Ψ2〉 = |same〉 ⊗ (α|1〉+ β|0〉) + |diff〉 ⊗ (α|0〉+ β|1〉)
= (α|same〉+ β|diff〉)⊗ |1〉+ (β|same〉+ α|diff〉)⊗ |0〉. (4.13)
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The two history states, “same” and “diff” are now correlated with two ancilla states, but
the ancilla states are generally not orthogonal and in particular will not be in this case since
we require α and β to be close. Interestingly, this does not matter! For suppose we look for
the probability of finding the ancilla in the |1〉 state, we find
p(1) = |α|2〈same|same〉+ |β|2〈diff |diff〉+ α∗β〈same|diff〉+ β∗α〈diff |same〉. (4.14)
We may, for convenience choose α and β to have the same phase, in which case the last two
terms cancel due to the no-interference property Eq.(3.6). We thus obtain
p(1) =
1
2
(
1 + (|α|2 − |β|2)C12
)
, (4.15)
p(0) =
1
2
(
1− (|α|2 − |β|2)C12
)
. (4.16)
Hence if we know the initial state, we can read off the value of the correlation function from
either p(1) or p(0).
We thus see that choosing an initial ancilla state with α close to β, the disturbance due
to the first measurement can be made arbitrarily small. By choosing the system initial
state in the way described in Section 3, we can ensure that the system state after the
second measurement is exactly as if no measurement was made. This protocol is therefore
undetectable with respect to final system measurements and also satisfies the standard
version of NIM, to a controllable degree, dependent on the precision to within which one
can measure p(1) and p(0).
This protocol is similar in flavour to weak measurements, in that the desired quantity
is found by examining the small bias around the zero disturbance result α = β. The
measurements here are not weak – the disturbance is rendered small by carefully choosing
the initial state so that the CNOT gates do not disturb them very much. However, this
protocol has no obvious expression in macrorealistic terms. Furthermore, its similarity with
weak measurements may mean it is susceptible to the same criticisms [4, 44]. For example,
the fact that the measurement disturbance is typically of the same order of magnitude as
the small bias from which the correlation function is extracted raises questions as to whether
the measurement is really non-invasive in any sense. However, in this case, the measurement
disturbance at time t1 is zero if the system is in the Q = −1 state at that time, as discussed,
hence the disturbance can be kept smaller than the effect we are measuring by restricting
to system states in that neighbourhood. (This is of course at the expense of losing the
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undetectability property described above but the non-invasiveness is the most important
property to maintain). See also Ref.[38] for another example along these lines in which a
weak measurement is arguable non-invasive.
V. DECOHERENT HISTORIES AND SINGLE TIME MEASUREMENTS
We saw in Section 4, through Eq.(4.3), how the history states could be determined through
measurements of the ancilla states. The history states themselves cannot be determined
directly through projective measurement since they are not orthogonal, as noted. Indeed,
we have
〈same|diff〉 =
1
4
〈ψ|[Qˆ(t1), Qˆ(t2)]|ψ〉
=
i
2
〈Dˆ〉 (5.1)
Hence they are orthogonal for initial states in which 〈Dˆ〉 = 0, which is 〈σx〉 = 0 for the
simple spin model.
When the history states are orthogonal, the decoherent histories formalism offers another
way of relating the description of histories in terms of a string of projection operators to a
single measurement. The point is that when orthogonal the history states may be associated
with a projector, a so-called “record” projector R, which is perfectly correlated with the
history states. This important feature of the decoherent histories approach is described in
detail in Appendix B.
In the simple case considered here, this projection may be taken to be
Rsame = e
iHt2
|same〉〈same|
p(same)
e−iHt2 (5.2)
(The extra unitary time evolution factors in comparison to Eq.(B21) are due to the fact that
the history states Eq.(B6) differ in their definition by similar factors from the history states
Eqs.(3.2), (3.3).) The probabilities for histories may then be expressed in the standard form,
as the average of this projector:
p(same) = 〈ψ|Rsame|ψ〉. (5.3)
In other words, in order to determine the probability for a two-time history, characterized by
pairs of non-commuting projection operators, we need only make the single time measure-
ment defined by the projection operator Rsame. This can be thought of as a measurement of
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the record of the history stored somewhere in the system, as discussed in Appendix B. But
it can also be regarded, by unitary shifts in time, as a projection on the initial state, i.e.
restriction to those parts of the initial state which lead to Q keeping the same sign, hence
is an expression of the second protocol outlined in Section 2B.
In general, the projector Rsame could be quiet a complicated function of Qˆ at different
times and may not have a simple expression in terms of quantities that are easily measured.
However, it can clearly be determined in simpler form in specific models. Indeed, for the
simple spin case, from Eq.(4.4), and using Cˆ = C12 (times the identity) and Dˆ given by
Eqs.(3.15), (3.12), we find
|same〉 =
1
2
e−iHt2 (1 + cosω(t2 − t1) + i sinω(t2 − t1)σx) |ψ〉,
=
1
2
e−iHt2
(
1 + e2iH(t2−t1)
)
|ψ〉,
= cos(H(t2 − t1))|ψt1〉,
= p(same)
1
2 |ψt1〉. (5.4)
Hence we get the suprisingly simple result that it is just the initial state at t1 times a
numerical factor. This now means that
Rsame = e
iH(t2−t1)|ψ〉〈ψ|e−iH(t2−t1), (5.5)
and therefore the probability Eq.(5.3) is
p(same) = |〈ψt2 |ψt1〉|
2. (5.6)
One can easily confirm that this formula gives the expected correlation function.
In measurement terms, this means that for all initial states satisfying 〈σx〉 = 0, p(same)
is obtained by simply preparing the system at t1 and then counting the proportion of runs
in which it is found in the same state at t2. This is clearly very similar to the decay-type
protocol described in Section 2C, but with here the difference that the initial and final states
do not have to be σz eigenstates but can be any rotations of such eigenstates within the yz
plane.
Note that the decoherence condition 〈Dˆ〉 = 0, which becomes 〈H〉 = 0 in the simpler
models, is simply a restriction to initial states which undergo a transition under H . Only
for such states does the formula Eq.(5.6) give the correlation function. If the initial state
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was an eigenstates of H , and therefore not satisfy the decoherence condition, Eq.(5.6) would
yield a constant.
The above construction of the projective measurement easily generalizes to the case of
any Hamiltonian withH2 proportional to the identity (with initial states such that 〈H〉 = 0).
For more general cases, the projector always exists and can easily be calculated in a specific
model, but the probability does not obviously have the simple form Eq.(5.6).
VI. SUMMARY
This purpose of this paper was to explore two different but related themes in connection
with the correlation functions used in the Leggett-Garg inequalities and their generalizations.
The first theme was to find new ways of measuring two-time histories of a dichotomic variable
that determine only the correlation function and nothing more. The second was to explore
the consequences of the quantum histories formalism for the two-time histories studied in
this context. It is of interest to explore both of these themes since traditional measurements
of the correlation functions are experimentally demanding so alternative protocols are clearly
potentially useful. Furthermore, alternative protocols could give new perspectives on non-
invasiveness.
In Section 2, we proposed, in macrorealistic terms, a protocol involving an ancilla for
measuring probabilities for the “same” and “different” histories of the dichotomic variable
Q from the which the correlation function is obtained. It measures only whether Q is the
same or different sign at the two times and nothing more, so is less invasive than traditional
protocols. It is, however, partially invasive in that there is an interaction with one of the
possible values of Q at each time. This can be made zero with a special choice of initial
state in the measurement of C12 and C13 and more general states can be incorporated by
combining two different protocols for the ancilla, but there is inescapable invasiveness in the
measurement of C23 since there is less control over the value of Q at time t2. Modified LG
inequalities taking into account sources of invasiveness were discussed in Appendix A, and
they indicate that alternative classical explanations for the quantum correlation functions
can be outstripped by sufficiently large violations of the inequalities. We also proposed
a second protocol, in which it was argued in general terms that the variable Q(t1)Q(t2)
could be determined by a suitably chosen measurement of initial (or final) data, subject to
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suifficient knowledge of the classical dynamics. This could be expressed only in a schematic
way at the macrorealistic level, but has a more concrete realization in the quantum case.
In Section 3, we gave a decoherent histories analysis of the two-time histories and con-
structed the quantum states |same〉 and |diff〉 describing the histories in which Q changes
sign or not. Some properties of the correlation functions were also described, for reasonably
general systems.
The decoherent histories analysis does not correspond directly to measurement of the
system, so protocols need to be specified to show how the history states are determined in
a specific measurement context. Two different methods were proposed to accomplish this.
The first was the quantum version of the protocol with ancilla. The quantum case follows
the classical one closely. However, it led to new possibilities. In particular, in Section 4(A),
we saw that it is possible to choose initial system states so that the final system state, after
two interactions, carries no trace of the interactions, and thus the protocol is undetectable in
terms of future system measurements. However, there is still intermediate interaction so it is
not non-invasive in the conventional definition. Nevertheless, it is still an interesting question
to determine whether the quantum properties of the system-ancilla composite system can
be replicated in a classical way, although we did not do so here. General results suggest it is
not possible but this is a matter of building specific models. Furthermore, this falls outside
the usual scope of the LG framework, in which everything is formulated in macrorealistic
terms independent of quantum theory. Still, even if outside this framework, it remains of
interest to determine whether a given quantum situation has any kind of classical model (as
studied previously in the three box problem, for example [43]).
Similar remarks apply to the exploration of different ancilla states in Section 4(B). There
we found the protocol of Section 4(A) could be made to look minimally invasive at the first
time, in a way akin to weak measurements. However, the formulation seems to be purely
quantum with no obvious macrorealistic account.
The second method of measuring the histories states, described in Section 5, is inspired
directly by a key property of the decoherent histories approach to quantum mechanics. This
is the feature that quantum histories, normally represented by a string of non-commuting
projection operators, can be completely represented by a single projection operator at a
fixed time if the histories are decoherent (i.e. the histories states are orthogonal). This
means that there is a single measurement that collapses onto the |same〉 state. The form of
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this projective measurement was determined explicitly for a simple (but relevant) class of
systems and found to be essentially a projection onto the initial state evolved to the final
time. This is therefore the quantum account of the second protocol described in Section 2B.
Moreover the final formula for p(same) in simple examples coincides with the closely related
decay-type protocol, but generalized to a wider class of initial states.
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Appendix A: Leggett-Garg Inequalities with Partial Invasiveness
The ancilla-based protocol described in Section 2 is, as noted there, only partially invasive
in general, except for special initial states. One is therefore faced with the question of to
what degree this partial invasiveness could explain the LG inequality violations observed in
experiments. Differently put, how large does the inequality violation have to be in order to
outstrip classical explanations? One can also ask about the degree to which clumsy ancilla
preparation may affect the LG inequalities. These sorts of issues have been addressed in
Refs.[7–9]. Here, we focus on the partial invasiveness arising in the ancilla protocol in Section
2.
We follow the general mathematical framework known as the “contextuality by default”
approach of Dzhafarov and Kujala [45]. (See also the discussion of this approach by Baccia-
galupi [46]). In this approach, we can measure a variable A on its own or measure it in the
context in which another variable B is also measured. If the measurement of B changes the
probability distribution of A, then A is not the same random variable in the two contexts.
It then makes sense to denote the variable in the second context by AB and regard A and
AB as independent random variables described by an underlying probability distribution.
Applied to the LG system, we consider Q(t) at the three times, which we denote for
convenience Q1, Q2, Q3, and given that we do three pairwise measurements, we note that
each variable can be measured in two different contexts. So Q2 can be measured as part of
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the pair of measurements at t1 and t2, or part of the pair of measurements at t2 and t3. We
denote the values of Q2 obtained in these two different contexts by Q
12
2 and Q
23
2 . Clearly
in the first case the earlier measurement at t1 can affect the value of Q2 but in the second
case, there is a later measurement, which cannot affect Q2 (assuming the arrow of time).
Similarly, Q3 can be measured in the two contexts in which measurements were made at t1
and t3 or at t2 and t3, and we denote the results Q
13
3 and Q
23
3 . Finally Q1 can be measured
in the two possible contexts in which later measurements were made at t2 or at t3, but,
assuming the arrow of time, Q1 will be the same in both cases.
Dzhafarov and Kujala showed that in the presence of such invasive effects, the LG in-
equalities take the modified form,
−1 − 2∆0 ≤ C12 + C23 + C23 ≤ 1 + 2∆0 + 2 min{C12, C23, C13}, (A1)
where
∆0 =
1
2
(
|〈Q122 〉 − 〈Q
23
2 〉|+ |〈Q
13
3 〉 − 〈Q
23
3 〉|
)
. (A2)
These inequalities may be used to distinguish between the genuine contextuality of the
type exhibited by quantum mechanics from the “cross-influences” coming from invasive
measurements. If violated, it means that the correlation functions cannot be explained by
a classical theory with invasive kicks.
These modified inequalities can be applied to the ancilla protocol in Section 2. In the
simplest case in which the initial state is Q = −1, the measurement is non-invasive at t1,
which means that Q122 = Q
23
2 , so the first term in ∆0 drops out. The second term is then
a measure of the invasiveness at t2. More generally, we can use this framework to consider
arbitrary initial states which would then have invasiveness at t1 also. We expect that if the
invasiveness is sufficiently small, violations of these modified inequalities will be possible.
Note that to test these inequalities experimentally it is necessary to determine the values
of 〈Q〉 at the initial and final times in each pair, in addition to the correlation function.
However, this is readily achieved by adding a second ancilla at the second time, as outlined
at the end of Section 2(A).
For more detailed calculations with these modified inequalities see Ref.[46]. These issues
will be taken up in greater detail in a future publication.
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Appendix B: The Decoherent Histories Approach to Quantum Mechanics
Here the key aspects of the decoherent histories approach are summarized [25–36]. This
is described in many places but the brief account here follows Ref.[35] quite closely. The
goal of this approach is to assign probabilities to the histories of a closed quantum system,
without appealing to measurements undertaken by an external classical domain, and thereby
determine the situations in which statements about quantum systems may be manipulated
according to classical logic.
A history is a sequence of alternatives, for example the values of spin vairables in a given
direction, at as sequence of times. In quantum theory, alternatives at each moment of time
are represented by a set of projection operators {Pa}, satisfying the conditions
∑
a
Pa = 1, (B1)
PaPb = δabPa, (B2)
where a runs over a finite range. The simplest type of history is represented by a class
operator Cα which is a time-ordered string of projections
Cα = Pan(tn) · · ·Pa1(t1). (B3)
Here the projections are in the Heisenberg picture and α denotes the string (a1, · · ·an). The
class operator Eq.(B3) satisfies the conditions
∑
α
Cα = 1, (B4)
and also ∑
α
C†αCα = 1. (B5)
For a given pure initial state, we may define “history states”,
|α〉 = Cα|ψ〉. (B6)
Probabilities are assigned to histories via the formula
p(α) = 〈α|α〉, (B7)
which is just the Born rule for history states. These probabilities are clearly positive and
normalized ∑
α
p(α) = 1, (B8)
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which follows from Eq.(B5).
As the double slit experiment indicates, the assignment of probabilities to histories in
quantum mechanics is not always possible. For the p(α) to be true probabilities the histories
must satisfy certain conditions which, loosely speaking, ensure that there are no interference
effects. To this end, we introduce the decoherence functional
D(α, α′) = 〈α|α′〉, (B9)
which may be thought of as a measure of interference between pairs of histories. It satisfies
the conditions
D(α, α′) = D∗(α′, α), (B10)∑
α
∑
α′
D(α, α′) = 1, (B11)
and note that the probabilities are given by its diagonal elements
p(α) = D(α, α). (B12)
The simplest and most important condition normally imposed is that the probabilities
should satisfy the probability sum rules, that is, that they are additive for all disjoint pairs of
histories. More precisely, the probability of history α or history α′ must be the sum of p(α)
and p(α′). Since this combination of histories is represented by the class operator Cα+Cα′,
Eq.(B7) implies that
p(α or α′) = p(α) + p(α′) + 2 ReD(α, α′). (B13)
Hence for the probabilities to satisfy the expected sum rules we require that
ReD(α, α′) = 0, α 6= α′, (B14)
for all pairs of histories α, α′. This condition is called consistency of histories. Consistency
of histories ensures that the probabilities defined by Eq.(B7) satisfy all the conditions one
would expect of a probability for histories. It means that the statements corresponding to
the histories may be manipulated according to the rules of Boolean logic.
So far, nothing has been said about measurements. Despite the formal similarities with
sequential measurements in quantum measurement theory, in the decoherent histories ap-
proach the projections are not in general regarded as corresponding to actual measurements.
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Instead, the formalism is used to determine whether, using ordinary logic, we can extrap-
olate from physically measured quantities to quantities that are not measured. One could,
for example, take the final projection to correspond to measured data and then ask to what
extent we can deduce anything about the earlier unmeasured alternatives in the history.
A more concrete connection between physical measurements and the alternatives at all
times comes into view when we consider the stronger condition of decoherence, which is
D(α, α′) = 0, α 6= α′. (B15)
This of interest since physical mechanisms (such as coupling to an environment) which cause
Eq.(B14) to be satisfied typically suppress both the real and imaginary off-diagonal parts
of the decoherence functional. This stronger condition is related to the existence of records
[26, 36]. This means that complete information about the entire history of the system is
stored somewhere in the system at a fixed moment of time. A good example is a photographic
plate showing the track of an elementary particle. If records exist it then means that full
information about the histories may be obtained by a single projective measurement.
In more mathematical terms, decoherence clearly means that the history states |α〉 are
orthogonal. This has the consequence that one can always find a projection operator Rβ
whose eigenstates are the history states:
Rβ|α〉 = δαβ|α〉. (B16)
Summing over α, this means that
Rα|ψ〉 = Cα|ψ〉. (B17)
This therefore means that we can add an extra projector Rβ at the end of the history which
does not disturb decohence and is perfectly correlated with the alternatives at earlier times.
That is
〈ψ|C†α′RβCα|ψ〉 = δβαδβα′p(α). (B18)
This means that their exists a joint probability distribution p(α, β) for the histories α and
the records β in which α and β are perfectly correlated
p(α, β) = δαβp(α) = δαβp(β). (B19)
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The probabilities for the histories can then be expressed in terms of a single projection
p(α) = 〈ψ|Rα|ψ〉. (B20)
This all has the important consequence that, when there is decoherence, the probabilities
for histories can be determined by a single projective measurement at one moment of time.
This feature of the decoherent histories approach is clearly very appealing in relation to
measurements of the correlation functions in the LG inequalities, since the measurements
have to be done non-invasively, and it is the sequential nature of the measurements that
creates the invasiveness. Here, however, we see that a string of projections can, under the
condition of decoherence, be equivalent to a single projection.
The record projector is generally non-unique. However, an example which does the job
is to construct it from the history states themselves,
Rα =
Cα|ψ〉〈ψ|C
†
α
p(α)
. (B21)
For very simple systems such as the ones considered in this paper, this is in fact the unique
choice.
[1] A.J.Leggett and A.Garg, Phys. Rev. Lett. 54, 857 (1985).
[2] A. J. Leggett, Foundations of Physics, 18, 939 (1988); Rep. Prog. Phys., 71, 022001 (2008).
[3] O.J.E Maroney and C.G Timpson, arXiv:1412.6139 (2014).
[4] C. Emary, N. Lambert and F. Nori, Rep. Prog. Phys. 77, 016001 (2014)
[5] P. Suppes and M.Zanotti, Synthese 48, 191 (1981).
[6] A. Palacios-Laloy, F. Mallet, F. Nguyen, P. Bertet, D. Vion, D. Esteve and A. Korotkov,
Nature Physics, 6, 442 (2010).
[7] G. C. Knee, S. Simmons, E. M. Gauger, J. J. Morton, H. Riemann, N. V. Abrosimov, P.Becker,
H.-J. Pohl, K. M. Itoh, M. L. Thewalt, G. A. D. Briggs, and S. C. Benjamin, Nat. Commun.
3, 606 (2012).
[8] C.Robens, W.Alt, D.Meschede, C.Emary and A.Alberti, Phys. Rev. X 5, 011003 (2015).
[9] H. Katiyar, A. Brodutch, D. Lu, and R. Laflamme, arxiv 1606.07151 (2016)
30
[10] G. C. Knee, K. Kakuyanagi, M.-C. Yeh, Y. Matsuzaki, H. Toida, H. Yamaguchi, S. Saito, A.
J. Leggett, and W. J. Munro, (2016), 1601.03728; M.-C. Yeh, PhD thesis, University of of
Illinois at Urbana-Champaign (2016).
[11] R. E. George, L. M. Robledo, O. J. E. Maroney, M. S. Blok, H. Bernien, M. L. Markham, D.
J. Twitchen, J. J. L. Morton, G. A. D. Briggs, and R. Hanson, Proc. Natl. Acad. Sci. USA
110, 3777 (2013).
[12] A.Montina, Phys. Rev. Lett. 108, 160501 (2012).
[13] J.M.Yearsley, arXiv:1310.2149 (2013).
[14] O.Gu¨hne, M.Kleinmann, A.Cabello, J-A. Larsson, G.Kirchmair, F.Za¨hringer, R. Gerritsma
and C. F. Roos, Phys. Rev. A 81, 022121 (2010).
[15] S.Kochen and E.P.Specker, Journal of Mathematics and Mechanics, 17, 59 (1967).
[16] Y. Aharonov, D.Z. Albert, L. Vaidman, Phys. Rev. Lett. 60, 1351 (1988); Y. Aharonov, L.
Vaidman, Phys. Rev. Lett. 62, 2327 (1989); A.J. Leggett, Phys. Rev. Lett. 62, 2325 (1989);
A. Peres, Phys. Rev. Lett. 62, 2326 (1989); Y. Aharonov and L. Vaidman, Phys. Rev. A 41,
11 (1990).
[17] A. G. Kofman, S. Ashhab, and F. Nori, Phys. Rep. 520, 43 (2012).
[18] M. S. Wang, Phys. Rev. A 65, 022103 (2002).
[19] N. S. Williams and A. N. Jordan, Phys. Rev. Lett. 100, 026804 (2008); Erratum Phys. Rev.
Lett. 103, 089902 (2009); J.Dressel, C. Broadbent, J. Howell, and A. Jordan, Phys. Rev. Lett.
106, 040402 (2011).
[20] J. Kofler and C. Brukner, Phys. Rev. A 87, 052115 (2013).
[21] L.Clemente and J.Kofler, arXiv:1501.07517; arXiv;1509.00348.
[22] C.-M. Li, N. Lambert, Y.-N. Chen, G.-Y. Chen, and F. Nori, Sci. Rep. 2, 885 (2012).
[23] J.J.Halliwell, Phys. Rev. A 93, 022123 (2016).
[24] T. Fritz, New J. Phys. 12, 083055 (2010).
[25] M.Gell-Mann and J.B.Hartle, in Complexity, Entropy and the Physics of Information, SFI
Studies in the Sciences of Complexity, Vol. VIII, W. Zurek (ed.) (Addison Wesley, Reading,
1990); and in Proceedings of the Third International Symposium on the Foundations of Quan-
tum Mechanics in the Light of New Technology, S. Kobayashi, H. Ezawa, Y. Murayama and
S. Nomura (eds.) (Physical Society of Japan, Tokyo, 1990).
[26] M.Gell-Mann and J.B.Hartle, Phys.Rev. D47, 3345 (1993).
31
[27] M. Gell-Mann and J.B.Hartle, in Proceedings of the 4th Drexel Conference on Quantum
Non-Integrability: The Quantum-Classical Correspondence, ed by D.-H. Feng and B.-L. Hu,
International Press of Boston, Hong Kong (1998) (available as e-print gr-qc/9509054).
[28] R.B.Griffiths, J.Stat.Phys. 36, 219 (1984); Phys.Rev.Lett. 70, 2201 (1993); Phys.Rev. A54,
2759 (1996); A57, 1604 (1998).
[29] R. Omne`s, J.Stat.Phys. 53, 893 (1988). 53, 933 (1988); 53, 957 (1988); 57, 357 (1989);
Ann.Phys. 201, 354 (1990); Rev.Mod.Phys. 64, 339 (1992).
[30] J.J.Halliwell, in Fundamental Problems in Quantum Theory, edited by D.Greenberger and
A.Zeilinger, Annals of the New York Academy of Sciences, 775, 726 (1994).
[31] J.J.Halliwell, e-print quant-ph/0301117, also in Proceedings of the Conference, Decoherence,
Information, Complexity, Entropy (DICE), edited by T.Elze, Lecture Notes in Physics 633,
63-83 (Springer, Berlin, 2003).
[32] H.F.Dowker and A.Kent, J.Stat.Phys. 82, 1575 (1996); Phys.Rev.Lett. 75, 3038 (1995).
[33] C.Isham, J.Math.Phys. 35, 2157 (1994).
[34] C.J.Isham and N.Linden, J.Math.Phys. 35, 5452 (1994)
[35] J.J.Halliwell, Quantum Inf Process 8, 479 (2009).
[36] J.J.Halliwell, Phys.Rev. D60, 105031 (1999).
[37] S. F. Huelga, T. W. Marshall, and E. Santos, Phys. Rev. A 52, R2497 (1995); S. F. Huelga,
T.W. Marshall, and E. Santos, Phys. Rev. A 54, 1798 (1996); S. F. Huelga, T. W. Marshall,
and E. Santos, Europhys, Lett. 38, 249 (1997).
[38] J. J. Halliwell, arXiv:1605.09241.
[39] G. C. Ghirardi, A. Rimini, and T. Weber. Phys. Rev. D 34, 470 (1986); P. Pearle, Phys. Rev.
A 39, 2277 (1989); R. Penrose, General Relativity and Gravitation, 28, 581 (1996).
[40] E. Amselem, M. Bourennane, C. Budroni, A. Cabello, O. Gu¨hne, M. Kleinmann, J.-A .
Larsson, and M. Wiesniak, Phys. Rev. Lett. 110, 078901 (2013).
[41] J.G.Muga, R.Sala Mayato and I.L.Egusquiza (eds), Time in Quantum Mechanics (Springer,
Berlin, 2002); J.G.Muga, A.Ruschhaupt and A.del Campo (eds), Time in QuantumMechanics,
Vol. 2 (Springer, Berlin, 2009).
[42] J. P. Paz and G. Mahler, Phys. Rev. Lett. 71, 3235 (1993).
[43] O. J. E. Maroney, arXiv:1207.3114 (2012).
[44] M.M.Wilde and A.Mizel, Found.Phys 42, 256 (2012).
32
[45] E.Dzhafarov and J.Kujala, arXiv:1406.0243; arXiv:1407.2886.
[46] G.Bacciagalupi, arXiv:1409.4104.
33
